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Abstract
We consider monopole-antimonopole static potential in the conning phase of the
Abelian Higgs model and concentrate on the correction to the Coulomb-like potential at
short distances r. By minimising numerically the classical energy functional we observe a
linear in r correction so that a string-tension term survives even at distances much smaller
than apparent physical scales. We argue that this term is a manifestation of the condition
that the monopoles are connected by a line along which the vacuum is trivial. Possible
implications for QCD are briefly discussed.
We will consider the Abelian Higgs model (AHM) describing interactions of a U(1) gauge
eld Aµ with a charged scalar eld  in the Higgs phase when the scalar led condenses. The















where Fµν  ∂µAν − ∂νAµ and the complex scalar eld  carries electric charge. The physical
vector and scalar particles are massive, m2V = e
2η2, m2H = 2λη
2 and for the sake of deniteness
we assume mH > mV .
The model (1) is famous to provide with a relativistic analog of the Landau-Ginzburg
theory of superconductivity. In particular, if one introduces a monopole-antimonopole pair as
an external probe its static potential V (r) grows linearly with the distance r at large r:
limr!1V (r) = σr (2)
This property is a basis for the conjectured connement mechanism in QCD which is commonly
known as the dual-superconductor model [1]. In this picture, magnetic monopoles condense
in the QCD vacuum and conne quarks which possess (colour) electric charge. The so called
U(1) projection of QCD [2] is most suitable to check this mechanism and there exist detailed
numerical simulations on the lattice which conrm the dual-superconductor picture of the
connement (for review and references see [3]).
The mechanism of the potential growth at large distances (2) is well understood in terms of
formation of the Abrikosov-Nielsen-Olesen (ANO) strings [4]. The ANO strings are solutions
to the classical equations of motion corresponding to the action (1) and carrying (quantised)
magnetic flux,  = 2pin/e. The Higgs eld  disappears on the axis of the string and reaches
its vacuum value at transverse distances of order 1/mH while the magnetic eld extends to
distances of order 1/mV . The energy per unit length of the ANO string determines the value
of the constant σ in Eq. (2). At nite r the static energy of the monopoles can still be found
numerically [5] and in particular one can see how the potential approaches its asymptotic limit
(2) for large r and turns into the Coulomb-like potential at small r.
The ANO string determines the potential at r  m−1V . In this paper we are looking
into the anatomy of the stringy part of the potential by concentrating at r  m−1V . At
such distances the dominant part of the potential is provided by the Coulomb interaction
and we are looking therefore to power-like corrections at short distances. The ANO string is
irrelevant at such distances. However, there are two other stringy objects which might have
dynamical manifestation as a linear potential. Namely, one may consider the case mH  mV ,
m−1V  r  m−1H and then the Higgs-eld core of the ANO string may play the role of the
string itself [6, 7]. What is most amusing about the problem in hand is that there is also a
mathematically thin string. In an old-fashioned language, it is a Dirac string connecting the
monopoles. The possibility of a dynamical manifestation of this string stems from the fact that
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the Dirac string cannot coexist with hi 6= 0 and  vanishes along the string. Indeed, the self-
energy of the Dirac string, is normalised to be zero in the perturbative vacuum. To justify this
assumption one can invoke duality and ask for the equality of the self-energies of electric and
magnetic charges. However, in the case of spontaneous symmetry breaking there are no duality
arguments anymore. If the Dirac string would be embedded into a vacuum with hi 6= 0 then
the energy would jump to innity because there is the term hi2A2µ in the Hamiltonian and
A2µ !1 for a mathematically thin Dirac string. Hence,  = 0 along the string. One may say
that the Dirac strings always rests on the perturbative vacuum which is dened as a vacuum
state obeying the duality principle. Therefore, even in the limit r ! 0 there is a deep well in
the prole of the Higgs eld . This might cost energy which is linear with r even at small r.
To avoid mentioning the Dirac string one may alternatively argue [2] that in d=4 the world
sheets with  = 0 are either closed or have monopole trajectories as their boundaries. In other
words, it is a topological condition that the monopole and antimonopole are connected by a
line  = 0, no matter how small is the distance r. And, indeed, this boundary condition is
always imposed on the classical solutions [5].
The London limit, m−1V  r  m−1H can be studied analytically. Although the distances are
much smaller that the transverse size of the magnetic eld distribution within the ANO string,
the answer for the potential is the same as if we had an ANO string fully developed [6, 7]:

























There is a linear in r correction to the Coulomb potential at short distances which is contributed
both by a trivial term from expansion of the Yukawa exponent and from a string tension. Thus,
one can conclude that the Higgs-eld string core does have dynamical manifestations similar
to the ANO string itself.
Here we make the next step and probe the distances inside the ANO-string core, r  m−1V,H .
The only stringy object which could be responsible for a linear potential at such distances is the
mathematically thin line with  = 0 connecting the monopoles. By minimising the classical
energy of the monopole-antimonopole pair with the boundary condition  = 0 on the straight
line connecting the monopoles we do observe a string-tension piece in the potential at r ! 0.
Let us mention that the existence of the linear piece at short distances does not contradict
results of other numerical simulations [5]. However, there were no measurements dedicated
specically to the behaviour V (r) at r ! 0 and we had therefore to address the problem anew.
Proceeding to a more detailed formulation of the problem, we note rst that the static
potential energy E(r) of a monopole-antimonopole pair is related to the expectation value of





























where C is an arbitrary surface having C as a boundary: δC = C and for the static monopole-
antimonopole pair located at the distance r one should choose the contour C to be the rectan-
gular loop T  r with T  r. In (6) [...]d means the duality operation, in particular, for any




At the classical level the problem is reduced to the search of the minimal value of the energy
functional E(r). Due to an obvious cylindrical symmetry of the problem the most general anzatz
for the elds in the unitary gauge is:
 = ηf(ρ, z) Imf = 0
Aa = εabx^bA(ρ, z) A0 = A3 = 0
ρ = [xaxa]
1/2 z = x3 x^a = xa/ρ a = 1, 2 .
(7)
Let us introduce also the new variable κ =
p
2λ/e = mH/mV and measure all dimensional
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+ ∂2zA = f
2A + ∂ρ (10)
1
ρ






κ2f(f 2 − 1) (11)
From (10), (11) one sees that there are no advantages of using the small parameter r since it
enters only through the source term in (10) and through the boundary conditions on f . Thus
it seems impossible to get analytically the power expansion in r.
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In the limit r ! 0 the Coulombic contribution becomes singular. The easiest way to separate
the singular piece is to change the variables A = Ad +a, where Ad is the solution in the absence















Taking into account that Ad ! −1/ρ = −∂ρ ln jρj when ρ ! 0, jzj < r/2 and (∂ρ + 1ρ) ln ρ =













where  is given by (9). The energy functional (8) and equations of motion take the form:
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+ ∂2za = f
2(a + Ad) (15)
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κ2f(f 2 − 1) (16)
The self-energy Eself is included into the mass of the external monopoles and is not contributing,
as usual, to the potential. We investigated numerically E(r) in the region 0.1 < r < 5.0 (details
of the procedure will be given elsewhere). Fig. 1 represents the results of our calculations for
dierent κ values and clearly demonstrates that the linear piece in the potential survives in
the limit r  1. While obtaining the values of the slope σ we separated the Yukawa-potential










C0)r = σr + O(r
2) (17)
The slope depends smoothly on the value of κ see Fig. 2. It is noteworthy that in the Bogomolny
limit (κ = 1) the slope of the linear potential is within the error bars the same both for r !1
and r ! 0.
In conclusion, we have demonstrated that the potential of a monopole-antimonopole pair
at distances much smaller than the inverse masses m−1V,H does contain a linear piece σr with a
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positive σ. The natural interpretation of this dynamical observation is that this linear potential
reflects existence of small-size strings in the theory. The role of such string is played by the
mathematically thin line with  = 0 which connects the monopoles. To illustrate this fact
we show in Fig. 3 the function (1 − f(ρ, z)). Note that the string degrees of freedom can be
introduced directly in the path-integral formulation of the full quantum theory of the AHM
(5) (see, e.g., [8]). However, such a representation by itself does not guarantee that small-size
strings are manifested dynamically. In the present note we did demonstrate that small-size
strings are responsible in the classical limit for a linear correction to the quark potential at
short distances.
The result may be of direct relevance to QCD. Indeed, it is known from the lattice simula-
tions that SU(2) gluodynamics in the infrared region is close to the Abelian Higgs model with
κ  1 [9]. Moreover the existing lattice simulations of the QQ potential do not show any change
in the linear piece of the potential at small r [10] although no error bars on the slope exist at
small r since the coecient in front of the far-dominating Coulomb piece represents now a whole
sum over powers of αs(r) and a rigorous subtraction of the Coulombic piece is very dicult.
The classical AHM is much simpler in this sense and we were able to observe the σr piece in
the potential at short distances. It is amusing that the results from classical AHM for κ  1
resemble results from quantum gluodynamics. Namely there is no change in the slope if we go
from large r to small r for κ  1 (see Fig. 1). Finally, theoretical arguments to suggest linear
piece in the QQ potential at short distances were given in Ref. [11] and there were attempts
to extract phenomenological consequences from hypothetical existence of small-size strings in
QCD [12]. The results obtained in this paper give indirect support to these speculations.
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pi  Emv as a function of mvr.
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Figure 2: The linear slop σ of the energy e
2








Figure 3: The function (1− f(ρ, z)) in the ρ− z plane for mH = mV = m, r = 0.2/m. The line
at which f = 0 is clearly seen.
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